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Characterizing the distribution of entanglement in multipartite systems is one of the most in-
teresting topics on entanglement theory. Here we consider a multi-linear monogamy relation for a
three-qubit system in terms of entanglement of formation (EoF) and concurrence. And under our
conjecture, we can generalize the results to an n-qubit pure state. At last, we present a trade-off
relation between all pairs of a three-qubit pure state in terms of quantum discord.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Nowadays, qantum entanglement plays an important
role in quantum information and quantum computation
theory [1], such as superdensecoding [2],teleportation [3],
the speedup of quantum algorithms [4].
Multipartite entanglement is one of the biggest ob-
stacles for physicists . As a three qubit system is
the simplest, it attracts much attention [5–11]. In the
three-qubit system, |GHZ〉 = 1√
2
(|000〉 + |111〉) and
|W 〉 = 1√
3
(|001〉 + |010〉 + |100〉) are two inequivalent
states in terms of stochastical local operation and classi-
cal communication (SLOCC), and any genuinely entan-
gled state is equivalent to |GHZ〉 or |W 〉 [5]. |GHZ〉 can
be considered as the natural generalization of the bell
state 1√
2
(|00〉+ |11〉), it violates the bell ineuqalies max-
imally and obtains the maximal tripartite entanglement
described by 3-tangle [6], if one particle is lost, then it
becomes separable. |W 〉 can attain the maximum un-
der the choice of some entanglement measurs [12, 13].
And the generation and the application of the W state
on quantum communication and quantum computation
attract much attention of the researchers [14–21].
Monogamy is a fundamental property of multipar-
tite entanglement that characterizes the distribution of
entanglement, it presents that entanglement cannot be
shareable arbitrarily among many parties, which is dif-
ferent from classical correlations [22]. This property has
been applied on many areas in quantum information, it
can be applied on the proof of the security of quantum
cryptography [23, 24], Holevo information quantities for
channels[25], and the quantum games [26].
Mathematically, for a tripartite system A,B and C,
the general monogamy in terms of an entanglement mea-
sure E implies that the entanglement between A and BC
satisfies
EA|BC ≥ EAB + EAC . (1)
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This relation was first proved for qubit systems with re-
spect to the 2-tangle [6, 27]. However, it is well known
that the EoF (E) does not satisfy the inequality (1).
Then Bai et al. showed that the squared EoF satis-
fies the inequality (1) for qubit systems [28], Zhu et al.
showed that the monogamy relation is valid in terms
of the α-th power of EoF when α ≥ √2 for qubit sys-
tems [29], Oliveira et al. numerically obtained a bound
on EAB + EAC for a three-qubit system [30], in 2015,
Liu et al. proved this bound analytically [31]. Moreover,
Cornelio proposed an interesting monogamous represen-
tation for three-qubit systems [32].
In this work, first we present a multi-linear monogamy
relation in terms of EoF and concurrence for a three-
qubit system. We also present that up to the local uni-
tary transformations, the W state is the unique that can
reach the upper bound of multi-linear monogamy rela-
tions in terms of concurrene and EoF. Then based on
the relations between the EoF and the discord, we also
get a similar bound for the discord.
This article is organized as follows. First we review the
preliminary knowledge needed. Then we prove our main
results, we present a multi-linear monogamy relations in
terms of EoF and concurrence, based on the relation be-
tween the EoF and the discord, we present a similar result
for the sum of all bipartite quantum discord for a three-
qubit pure state. At last, we end with a conclusion.
II. PRELIMINARIES
Assume |ψ〉AB is a bipartite pure state, due to the
Schmidt decomposition, |ψ〉AB can always be written as
|ψ〉AB =
∑
i
√
λi|ii〉 with λi ≥ 0,
∑
i λi = 1. The EoF of
|ψ〉AB is given by
E(|ψ〉AB) = S(ρA) = −
∑
λi logλi. (2)
Here λi are the eigenvalues of ρA = TrB |ψ〉AB〈ψ|. For a
mixed state ρAB, the EoF is defined by the convex roof
extension method,
E(ρAB) = min{pi,|φi〉AB}
∑
i
piE(|φi〉AB), (3)
2where the minimum takes over all the decompositions of
ρAB =
∑
i pi|φi〉AB〈φi| with pi ≥ 0 and
∑
pi = 1.
Another important entanglement measure is the con-
currence (C). The concurrence of a pure state |ψ〉AB is
defined as
C(|ψ〉AB) =
√
2(1− Tr ρ2A) =
√
2(1−
∑
i
λ2i ). (4)
For a mixed state ρAB, it is defined as
C(ρAB) = min{pi,|φi〉AB}
∑
i
piC(|φi〉AB), (5)
where the minimum takes over all the decompositions of
ρAB =
∑
i pi|φi〉AB〈φi| with pi ≥ 0 and
∑
pi = 1.
For a two-qubit mixed state ρAB, Wootters derived an
analytical formula [33]:
E(ρAB) =h(
1 +
√
1− C2AB
2
), (6)
h(x) =− x log2 x− (1− x) log2(1− x), (7)
CAB =max{
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4, 0}, (8)
here the λi are the eigenvalues of the matrix
ρAB(σy ⊗ σy)ρ∗AB(σy ⊗ σy) with nonincreasing or-
der.
III. MAIN RESULTS
For a three-qubit pure state |ψ〉ABC , the pairwise cor-
relations are described by the reduced density operators
ρAB, ρBC and ρCA. Oliveira et al. [30] numerically ob-
tained a bound on EAB + EAC ≤ 1.18819 ebits by ran-
domly sampling 106 uniformly distributed states, they
also considered a three-qubit pure state |ψ〉ABC = |100〉√2 +
|010〉+|001〉
2 and obtained E(ρAB) + E(ρAC) = 1.20175
ebits. In 2015, Liu et al. [31] proved analytically the up-
per bound of E(ρAB) + E(ρAC) for a three-qubit pure
state is 1.20175 ebits, there the authors also considered
the upper bound of C(ρAB) + C(ρAC) for a three-qubit
pure state is 1.4142. Here the authors present another
way to consider the problem on the distribution of en-
tanglement.
Here we present a new kind of monogamy relation that
we call multi-linear monogamy relation. The main differ-
ence of ours is that we present an upper bound of the sum
of the bipartite entanglement between all the possible bi-
partitions. And this relation is stronger than before.
A. Multipartite linear monogamy relations in
terms of EoF
In this subsection, we first present a theorem on the
multi-linear monogamy relation in terms of EoF for a
three-qubit pure state.
Theorem 1 For a three-qubit pure state, the W state
reaches the upper bound cmax = 3h(
1
2 +
√
5
6 ) of multi-
linear monogamy relation in terms of EoF.
The proof of the Theorem 1 is in the APPENDIX VA.
We can generalize this result to the mixed state ρABC .
Assume that {sh, |φh〉ABC} is a decomposition of ρABC ,
then we have
E(ρAB) + E(ρAC) + E(ρBC)
=
∑
i
piE(|φi〉AB) +
∑
j
qjE(|θj〉AC) +
∑
k
rkE(|ζk〉BC)
≤
∑
h
sh(E(ρ
h
AB) + E(ρ
h
AC) + E(ρ
h
BC))
≤
∑
h
sh × cmax = cmax. (9)
Here we assume that in the first equality, {pi, |φi〉},
{qj, |θj〉} and {rk, |ζk〉} are the optimal decompositions
of ρAB, ρAC and ρBC in terms of the EoF correspond-
ingly. The first equality is due to the definition of the
EoF for the mixed states, the second inequality is due
to the equality (23). In the first inequality, we denote
TrC |φh〉〈φh| = ρhAB,TrB |φh〉〈φh| = ρhAC ,TrA |φh〉〈φh| =
ρhBC ,
For a three-qubit pure state, Du¨r et al. [5] showed that
there are two inequivalent kinds of genuinely entangled
states, i.e. the W-class states and the GHZ-class states.
The W-class states |ψ〉 are all LU equavilent to the fol-
lowing states:
|φ〉 = r0|000〉+ r1|001〉+ r2|010〉+ r3|100〉, (10)
where
∑3
i=0 |ri|2 = 1. From simple computation, we have
C2(ρAB) = 4|r2r3|2, C2(ρAC) = 4|r1r3|2, C2(ρBC) =
4|r1r2|2. We see that the function E(ρAB) + E(ρAC) +
E(ρBC) ranges over (0, cmax] for the W class states.
When |ψ〉 = |000〉+|111〉√
2
, E(ρAB)+E(ρAC)+E(ρBC) = 0,
and as the GHZ class states is dense [8], the function
E(ρAB) + E(ρAC) + E(ρBC) ranges over [0, cmax).
B. Multipartite linear monogamy relations in
terms of concurrence
In this subsection, we present a theorem on the multi-
linear monogamy relation in terms of the concurrence for
a three-qubit pure state |ψ〉ABC .
Lemma 2 Up to the local unitary transformations, the
W state is the unique state that can reach the upper bound
in terms of the function sC(ψ) = CAB +CBC +CAC for
a three-qubit pure state.
We place the proof of the lemma 2 in the APPENDIX
VB
3Similarly, we can extend the results on the mixed state
ρABC . Assume {sh, |ψh〉ABC} is a decomposition of the
state ρABC , then we have
C(ρAB) + C(ρAC) + C(ρBC)
=
∑
i
piC(|φi〉AB) +
∑
j
qjC(|θj〉AC) +
∑
k
rkC(|ζk〉BC)
≤
∑
h
sh(C(ρ
h
AB) + C(ρ
h
AC) + C(ρ
h
BC))
≤
∑
h
sh × 2 = 2. (11)
In the first equality, let {pi, |φi〉AB}, {qj , |θj〉AC}
and {rk, |ζk〉BC} be the optimal decomposition in
terms of concurrence for the states ρAB, ρAC and
ρBC respectively. In the first inequality, we denote
TrC |ψh〉ABC〈ψh| = ρhAB, TrB |ψh〉ABC〈ψh| = ρhAC ,
TrA |ψh〉ABC〈ψh| = ρhBC .
Next we present an example on the multi-linear
monogamy relation in terms of concurrence for a three-
qubit mixed state.
Example 3
ρ = p1|W 〉〈W |+ p2|W 〉〈W |.
Here we denote that |W 〉 = 13 (|110〉+ |101〉+ |011〉).
Through simple computation,
ρAB =ρAC = ρBC
ρAB =
p1
3
|00〈00|〉+ 1
3
(|01〉+ |10〉)(〈10|+ 〈01|) + p2
3
|11〉〈11|,
we have
C(ρAB) = C(ρAC) = C(ρBC) =
2− 2√p1p2
3
,
if pi > 0, i = 1, 2, we have sC(ρABC) < 2.
The Lemma 2 can be generalized to the three-qubit
mixed states.
Theorem 4 Up to the local unitary transformations,
the W state is the unique state that can reach the upper
bound in terms of the function sC(·) for a three-qubit
state.
The proof of the Theorem 4 is placed in the APPENDIX
VC.
By the similar method, we can generalize the Theorem
4 to the monogamy relations in terms of EoF for a three-
qubit mixed state.
Theorem 5 Up to the local unitary transformations, the
W state is the unique state that can reach the upper bound
in terms of the function E(ρAB)+E(ρAC)+E(ρBC) for
a three-qubit state.
Proof. Here we first present a lemma.
Lemma 6 Assume a, b, c, a′, b′, c′ ∈ [0, 1], and a+b+c ≥
a′ + b′ + c′, f(x) is a monotone function with d
2f
dx2
> 0,
then
f(a) + f(b) + f(c) ≥ f(a′) + f(b′) + f(c′). (12)
Proof. We can always assume a ≤ b ≤ c, a′ ≤ b′ ≤ c′,
then
f(a) + f(b) + f(c)− (f(a′) + f(b′) + f(c′))
=f
′
(θ1)(a− a′) + f
′
(θ2)(b − b′) + f
′
(θ3)(c− c′)
≥min
θi
f
′
(θi)(a+ b+ c− a′ − b′ − c′)
≥0. (13)
In the first equality, we use the Lagrange mean value
theorem, here θ1 ∈ [a′, a], θ2 ∈ [b′, b], θ3 ∈ [c′, c], and we
remark here a ≥ a′, b ≥ b′ or c ≥ c′ is not necessary.
⊓⊔
Next we denote y = C2, as dE(y)
dy
> 0, d
2E(y)
dy2
> 0 [34],
then by the Lemma 6, we finish the proof.
⊓⊔
Next we consider the multi-linear monogamy relations for
the n-qubit generalized W class states. These states were
first proposed by [35] in order to study the monogamy
relations in terms of convex roof extended negativity for
higher dimensional systems.
Example 7
|φ〉A1A2···An =
√
p|GW 〉n +
√
1− p|0〉n.
Here we assume |GW 〉 = a1|10 · · ·0〉+a2|010 · · · 〉+ · · ·+
an|00 · · ·1〉,
∑
i |ai|2 = 1.
Through sImple computation, we have C(ρA1Ai) =
2p|a1ai|.
sC(|φ〉) =2p
∑
i<j
|aiaj |
=p[(
∑
i
|ai|)2 −
∑
i
|ai|2]
=p[(
∑
i
|ai|)2 − 1]. (14)
By the method of Lagrange multiplier, we see when
ai =
1√
n
, p = 1, that is, when |φ〉 = |W 〉, the value in
(14) gets the maximum.
In [36], the authors presented that for an n-qubit sym-
metric pure state |φ〉, the maximal value between any
pair of qubits in terms of concurrence is 2
n
, and when
|φ〉 = |W 〉, it gets the maximum. Then we may propose
a conjecture.
4Conjecture 8 For an n-qubit genuinely pure state |φ〉,
the maximal of sC(φ) is attained when |φ〉 = |W 〉,
Under the conjecture, we can prove the following theo-
rem.
Theorem 9 For an n-qubit pure state |φ〉A1A2···An , the
maximal of sC(φ) is attained when |φ〉 = |W 〉, that is,
maxφ sC(|φ〉) = n− 1.
Proof. If |φ〉 is not genuinely entangled, we
can always assume that |φ〉A1A2···An is biseparable, i.e.
|φ〉A1A2···An = |θ1〉A1A2···Am |θ2〉Am+1Am+2···An , here |θi〉,
i = 1, 2 are genuinely entangled. As |φ〉 is biseparable,
sC(|φ〉)
=sC(|θ1〉) + sC(|θ2〉)
≤m− 1 + n−m− 1
=n− 2
<n− 1. (15)
⊓⊔
By the similar proof of the Theorem 4, we have
Proposition 10 Up to the local unitary transforma-
tions, the W state is the unique state that can reach the
upper bound in terms of the function C(ρAB)+C(ρAC)+
C(ρBC) for an n-qubit pure state.
C. An upper bound of the sum of all bipartite
quantum discord
In this section, we present an upper bound of the sum
of all bipartite quantum discord for a three-qubit pure
state.
First we recall a conservation law for distributed EoF
and quantum discord of a three-qubit pure state [37] ,
EAB + EAC =δ
←
AB + δ
←
AC , (16)
δ←AB =IAB − J←AB
=IAB − max{ΠB
x
}
(S(ρA)−
∑
x
pxS(ρ
x
A)),
where the maximum takes over all the positive-operator-
valued-measurements {ΠBx } performed on the subsystem
B, px = TrΠ
B
x ρABΠ
B
x , and ρ
x
A = TrB(Π
B
x ρABΠ
B
x )/px.
The law depends on the Koashi-Winter (KW) relation
EAB + J
←
AC = SA [38].
Here we present an upper bound of the sum of all the
bipartite discord for a three-qubit pure state, from equa-
tion (16), we have
δ←AB + δ
←
BC + δ
←
CA + δ
←
BA + δ
←
AC + δ
←
CB
=EAB + EAC + EBC + EBA + ECA + ECB
≤2× cmax = 2cmax,
(17)
Thus we have quantum discord owns a multi-linear
monogamy relations for a three-qubit pure state.
IV. CONCLUSIONS
Here we mainly consider the shareablility of the
entanglement for a three-qubit state in terms of the
EoF. We present an upper bound on the sum of the EoF,
EAB + EAC + EBC , this tells us that the entanglement
cannot be shared freely for a three-qubit system. Then
we present the upper bound of sC(·) for a three-qubit
state, and we also present that up to the local unitary
transformations, the W state is the unique that can
reach the upper bound of sC(·) for a three-qubit state.
Under a condition we conjecture, we can generalize the
above result to an n-qubit pure state. Finally, the meth-
ods we used can be generalized to consider the upper
bound of the multi-linear monogamy relation in terms
of other bipartite entanglement measures such as, Re¨nyi
entanglement for an n-qubit pure state. We believe
that our results are helpful on the study of monogamy
relations for multipartite entanglement systems.
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6V. APPENDIX
A. The proof of the Theorem 1
In this section, we prove the Theorem 1:
For a three-qubit pure state, the W state reaches the
upper bound of multi-linear monogamy relation in terms
of EoF.
Proof. Here we denote that
f(x) =h(
1 +
√
1− x
2
)
x =C2AB
y =C2AC + C
2
AB,
c =C2AC + C
2
AB + C
2
BC ,
g(x, y) =f(x) + f(y − x) + f(c− y), (18)
∂g
∂x
=f
′
(x) − f ′(y − x), ∂g
∂y
= f
′
(y − x)− f ′(c− y).
(19)
As f
′′
(x) is strictly concave [34], then C2AB = C
2
AC =
C2BC is the only case when the two equalities in (19) are
0. As f(x) is a monotonic function [34], we have when
C2AB = C
2
AC = C
2
BC , E(ρAB)+E(ρAC)+E(ρBC) achieve
the upper bound for a three-qubit pure state.
From [7], we have that a three-qubit pure state |ψ〉ABC
can be written in the generalized Schmidt decomposition:
|ψ〉 = l0|000〉+ l1eiθ|100〉+ l2|101〉+ l3|110〉+ l4|111〉,
(20)
here θ ∈ [0, π), li ≥ 0, i = 0, 1, 2, 3, 4,
∑4
i=0 l
2
i = 1. From
simple computation, we have
C2AB =4l
2
0l
2
2, C
2
AC = 4l
2
0l
2
3,
C2BC =4l
2
2l
2
3 + 4l
2
1l
2
4 − 8l1l2l3l4cosθ.
As f(x) is an increasing function [34], then we only need
to get the maximum of 4l20l
2
2 by using the Lagrange mul-
tiplier,
m(l0, l1, l2, l4) = 4l
2
0l
2
2 + λ(l
2
0 + l
2
1 + 2l
2
2 + l
2
4 − 1),
+ µ(l20l
2
2 − l42 − l21l24 + 2l1l22l4 cos θ), (21)
∂m
∂l0
= 8l0l
2
2 + 2λl0 + 2µl0l
2
2,
∂m
∂l1
= 2λl1 + 2µl
2
2l4 cos θ − 2µl1l24,
∂m
∂l2
= 8l20l2 + 4λl2 + 2µl
2
0l2 − 4µl32 + 4µl1l2l4 cos θ,
∂m
∂l4
= 2λl4 − 2µl21l4 + 2µl1l22 cos θ,
∂m
∂θ
= −2µl1l22l4 sin θ,
∂m
∂λ
= l20 + l
2
1 + 2l
2
2 + l
2
4 − 1,
∂m
∂µ
= l20l
2
2 − l42 − l21l24 + 2l1l22l4 cos θ, (22)
when the fomulas in (22) equal to 0, l0 = l2 = l3 =
1√
3
, l1 = l4 = 0, that is,
max
|ψ〉ABC
(E(ρAB) + E(ρAC) + E(ρBC))
:=cmax = 3h(
1
2
+
√
5
6
). (23)
When we take the operation σx on the first partite, we
get the W state 1√
3
(|001〉+ |010〉+ |100〉).
⊓⊔
B. The proof of Lemma 2
In this section, we prove the Lemma 2:
Up to the local unitary transformations, the W state is
the unique state that can reach the upper bound in terms
of the function sC(ψ) = CAB + CBC + CAC for a three-
qubit pure state.
Proof. We’ll compute the maximum of the six classes
of a three-qubit state respectively according to [39].
Case i: When |ψ〉ABC is A−B − C, sC(ψ) = 0.
Case ii: When |ψ〉ABC is biseparable, if |ψ〉ABC =
|φ1〉A⊗|φ2〉BC , CAB = CAC = 0, sC(ψ) = CBC ≤ 1, the
other cases are similar.
Case iii: When |ψ〉ABC belongs to the W class, ac-
cording to the fomula (10), sC(ψ) = 2r2r3+2r1r3+2r1r2.
Trivially, when r1 = r2 = r3, that is, |ψ〉ABC = |W 〉 =
1√
3
(|001〉+ |010〉+ |110〉), sC(ψ) gets the maximum.
Case iv: When |ψ〉ABC belongs to the GHZ class,
according to [39], assume |ψ〉 = M1 ⊗M2 ⊗M3|GHZ〉,
Mi =
(
~ui, ~vi
)
, ~ui = (ui cos θi, ui sin θi)
T , ~vi = (vi cos(φi+
θi), vi sin(φi + θi))
T ,
sC(ψ) =
|c1s2s3|+ |c2s1s3|+ |c3s1s2|
r + c1c2c3
, (24)
7here we denote ci = cosφi, si = sinφi, i = 1, 2, 3, 2r =
u1u2u3
v1v2v3
+ v1v2v3
u1u2u3
, r ≥ 1. In order to let sC be the maxi-
mum, assume r = 1. And when ci < 0, sC will gets max-
imum. then let φi ∈ [0, pi2 ], sC(ψ) = c1s2s3+c2s1s3+c3s1s21−c1c2c3 .
Next we will prove sC(ψ) ≤ 2, first we define l(c1, c2, c3)
as follows,
l(c1, c2, c3)
=c1 cos(φ2 − φ3) + c2 cos(φ1 − φ3) + c3 cos(φ1 − φ2)
−c1c2c3,
assume c1 > c2 ≥ c3, then we have
l(c1, c2, c3) ≤ l(c1, c1, c1).
And when c1 = c2 = c3, the function l(c1, c1, c1) is
a monotonic function of c1. When c1 → 1, the func-
tion l(c1, c1, c1) gets the maximum, that is, sC(ψ) → 2.
Then we prove that if |ψ〉ABC is a GHZ class state, then
sC(|ψ〉ABC) ≤ 2. However, from the above analysis,
when sC(|ψ〉ABC) = 2, we have c1 = c2 = c3 → 1, that
is, the matrix Mi is sigular, this is impossible.
⊓⊔
C. The proof of Theorem 4
In this section, We prove the Theorem 4:
Up to the local unitary transformations, the W state is
the unique state that can reach the upper bound in terms
of the function sC(·) for a three-qubit state.
Proof. Combining with Lemma 2, we only need to
present that the mixed states cannot reach the upper
bound of the multi-linear monogamy relations in terms
of concurrence.
Due to Lemma 2, for a three-qubit pure state |ψ〉,
sC(|ψ〉) gets the maximum, only when |ψ〉 is LU equiv-
alent to |W 〉. Assume ρ is a three-qubit mixed state,
{(pi, |φi〉)|i = 1, 2, · · · , k} is an optimal decompostion of
ρ, we can always assume k = 2. For the cases when k > 2,
we can prove similarly. As |φi〉 is LU equivalent to |W 〉,
we can always assume {(p1, |W 〉), (p2, U1⊗U2⊗U3|W 〉)}
is a decompostion of ρ, then
sC(ρ) =C(ρAB) + C(ρAC) + C(ρBC)
=C(σ1) + C(σ2) + C(σ3)
(25)
here we assume
σ1 =
p1
3
(|00〉〈00|+ 2|φ+〉〈φ+|) + p2
3
τ1,
σ2 =
p1
3
[|00〉〈00|+ 2|φ+〉〈φ+|] + p2
3
τ2,
σ3 =
p1
3
[|00〉〈00|+ 2|φ+〉〈φ+|] + p2
3
τ3,
|φ+〉 = 1√
2
(|01〉+ |10〉),
here we denote τ1 = [(U1⊗U2)|00〉〈00|(U1⊗U2)†+2(U1⊗
U2)|φ+〉〈φ+|(U1 ⊗ U2)†], τ2 = [(U1 ⊗ U3)|00〉〈00|(U1 ⊗
U3)
† + 2(U1 ⊗ U3)|φ+〉〈φ+|(U1 ⊗ U3)†], τ3 = [(U2 ⊗
U3)|00〉〈00|(U2 ⊗ U3)† + 2(U2 ⊗ U3)|φ+〉〈φ+|(U2 ⊗ U3)†],
then we have
C(σ1) ≤ 2
3
C(p1|φ+〉〈φ+|+ p2(U1 ⊗ U2)|φ+〉〈φ+|(U1 ⊗ U2)†),
(26)
By the Lemma 11, 12 and 13, we have (U1 ⊗
U2)|φ+〉 = eix|φ+〉 is a sufficient and necessary condition
of C(p1|φ+〉〈φ+|+ p2(U1 ⊗ U2)|φ+〉〈φ+|(U1 ⊗ U2)†) = 1,
here eix is a global phase factor. Then we can get the
similar result for σ2 and σ3. As Sr(|01〉) = Sr(|10〉) = 1,
here we denote that Sr(·) is the schmidt rank, then we
have Ui =
(
eiθi 0
0 1
)
, i = 1, 2, 3, that is, ρ = |W 〉〈W |.
Then we finish the proof.
⊓⊔
Here we will prove that (U1 ⊗ U2)|φ+〉 = eix|φ+〉 is
a sufficient and necessary condition of C(p1|φ+〉〈φ+| +
p2(U1 ⊗ U2)|φ+〉〈φ+|(U1 ⊗ U2)†) = 1. As =⇒ is trivial,
⇐=: First we will present a lemma.
Lemma 11 Assume A,B ∈ Pos(H), here we denote that
Pos(H) is a linear space consisting of all the bounded
semidefinite operators of a Hilbert space H. Here we de-
note that Eig(A) and Eig(B) are two sets consisting of
all the eigenvalues of the matrix A and B respectively. If
the biggest elements in the set Eig(A) and Eig(B) are 1
or less, then the biggest element in the set Eig(AB) is 1
or less.
Proof. Assume that the eigenvalues of A are λi with
its eigenvector |αi〉, the eigenvalues of B are µj with its
eigenvector |βj〉, and the eigenvalues of AB are χk with
its eigenvectors |γk〉. And here we always assume that
the range of A and B are nonsingular, then we have
AB|γk〉 =AB
∑
j
xjk|βj〉
=A
∑
j
µjxjk|βj〉
=
∑
ij
λiµjxjkyij |αi〉, (27)
AB|γk〉 =χk|γk〉
=χk
∑
ij
xjkyij |αi〉, (28)
in the formula (27), we denote that |γk〉 =
∑
j xjk|βj〉
and |βj〉 =
∑
i yij |αi〉. From the equality (27) and (28),
we have
χk =
∑
ij λiµjxjkyij∑
ij xjkyij
≤ 1. (29)
here the (29) is due to λi ≤ 1 and µj ≤ 1. Then we finish
the proof. ⊓⊔
8As ρ is semidefinite positive , then (σy ⊗ σy)ρ(σy ⊗ σy)
is semidifinite positive, then due to the Lemma 11, we
have that all the eigenvalues of ρ(σy ⊗ σy)ρ(σy ⊗ σy)
are 1 or less. Then due to (8), we have that only when
Rank(ρ(σy ⊗ σy)ρ(σy ⊗ σy)) = 1 and λ1 in (8) equals to
1 can C(ρ) = 1. As σy ⊗ σy is nonsigular, we only need
Rank(ρ) = 1.
Lemma 12 Rank[p1|φ+〉〈φ+| + p2(U1 ⊗
U2)|φ+〉〈φ+|(U1 ⊗ U2)†] = 1 if and only if
(U1 ⊗ U2)|φ+〉 = eix|φ+〉, here eix is a global phase
factor.
Proof. Here we denote σ = p1|φ+〉〈φ+| +
p2(U1 ⊗ U2)|φ+〉〈φ+|(U1 ⊗ U2)†. If (U1 ⊗ U2)|φ+〉 6=
eix|φ+〉, then (U1 ⊗ U2)|φ+〉 and |φ+〉 are linear
independent, dim(span{|φ+〉, (U1 ⊗ U2)|φ+〉}) = 2,
dim(span{|φ+〉, (U1 ⊗ U2)|φ+〉}⊥ = n − 2. As ∀|α〉 ∈
dim(span{|φ+〉, (U1 ⊗ U2)|φ+〉}⊥, σ|α〉 = 0, that is,
Rank(σ) ≤ 2. As we cannot find a nontrivial vector
|β〉 in the subspace span{|φ+〉, (U1 ⊗ U2)|φ+〉} such that
σ|β〉 = 0, then we finish the proof. ⊓⊔
Lemma 13 Assume θ = p1|φ+〉〈φ+| + p2U1 ⊗
U2)|φ+〉〈φ+|(U1 ⊗ U2)† with Rank(θ) = 2, then
Rank[(σy ⊗ σy)θ˜(σy ⊗ σy)θ] = 2.
Proof. As σy ⊗ σy is invertible, we only need to
prove Rank[θ˜(σy ⊗ σy)θ] = 2. As Rank[θ˜(σy ⊗ σy)θ] =
Rank[θθ˜(σy ⊗ σy)], then if we can prove Rank[θθ˜] = 2,
we finish the proof. As θ = θ†, then Rank[θθ˜] =
Rank[θθT ] = Rank(θ) = 2. ⊓⊔
